Effect of the error in lineof sight unit vector on the accuracy of GPS and pseudolite navigation system  by Kee, C. et al.
ELSEVIER 
An International Journal 
Available online at www.sciencedirect.com computers & 
,c, , ,¢,  ~)c,, .~T. mathematics 
with applications 
Computers and Mathematics with Applications 48 (2004) 779-787 
www.elsevier .com/locat e/camwa 
of 
Effect of the Error in Line 
of Sight Unit  Vector on the Accuracy 
GPS and Pseudol i te Navigat ion System 
C.  KEE ,  J .  K IM,  H .  So, H.  JUN AND B .  PARKINSON 
School of Mechanical and Aerospace Engineering 
Seoul National University, Seoul, Korea 
and 
W. W. Hansen Experimental Physics Labs, Stanford University 
Stanford, CA 94305-4085, U.S.A. 
(Received March 2002; revised and accepted Feburary 2004) 
Abst rac t - -The  objective of this study is to examine the effect of the line of sight unit vector (LOS) 
on the accuracy of the GPS and pseudolite navigation system. An analytic derivation shows that 
the error of LOS cannot lower the accuracy of GPS in first-order sense. We carried out numerical 
simulation to examine the effect of the higher-order terms of the LOS error on ranging accuracy. The 
effect of the LOS error on GPS accuracy is negligible. On the contrary, the accuracy of pseudolite 
navigation system can be quite sensitive to LOS error, unless the distance between user and pseudolite 
is quite large. However, if the distance between user and pseudolite issufficiently large, the LOS error 
can be ignored in pseudolite navigation system. (~) 2004 Elsevier Ltd. All rights reserved. 
Keywords - -GPS ,  Pseudolite, Indoor navigation system, LOS, Unit vector error. 
NOMENCLATURE 
P 
R 
R~ 
B 
pseudorange observation (meter) ~R 
true position vector of GPS 
satellite with respect to centre of 
the earth 
user position vector with respect to 
centre of the earth 
ionospheric error (meter) 
tropospheric error (meter) N 
the clock offset of GPS satellite 
(meter) 
the clock offset of the GPS receiver r 
(meter) D 
e= ~Dl = R-R~ 
ephemeris error (meter) 
random error of pseudorange 
observation (meter) 
random error of carrier phase 
observation (meter) 
wavelength of carrier phase 
observation 
integer cycle ambiguity on carrier 
phase observation (cycle) 
line of sight unit vector 
computed istance 
true range vector 
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e true LOS vector 
5D the error of range vector 
5e the error of LOS vector 
5R the ephemeris error 
5Ru the user position error 
p pseudorange observation (meter) 
R true position vector of pseudolite 
with respect o centre of the earth 
R~ user position vector 
T tropospheric error (meter) 
b the clock offset of pseudolite 
(meter) 
B GPS receiver clock offset (meter) 
5R range error caused by pseudolite 
position error (meter) 
random noise and multipath error 
of pseudorange observation (meter) 
random noise and multipath error 
of carrier phase observation (meter) 
wavelength of carrier phase 
observation 
N integer ambiguity on carrier phase 
observation (cycle) 
1. INTRODUCTION 
The widely known components of the GPS errors are the atmospheric time delay, ephemeris 
error, clock offset, and random errors such as thermal noise and multipath error [1]. There are 
also other small errors that cannot be detected easily. The most typical example of these is the 
error in the line of sight unit vector (LOS). The LOS is the essential component of the GPS 
observation equation. It is widely known that the LOS error has negligible effect on the accuracy 
of GPS [2, p. 471]. However, the effect of the LOS error on the accuracy of the pseudolite 
navigation system has not been examined. In this study, we examine the effect of the LOS on 
both the GPS and the pseudolite navigation system and verify our examination by numerical 
simulation. 
2. THE EFFECT OF THE LOS ERROR 
ON GPS RANGING ACCURACY 
The GPS signal is composed of an L-band carrier modulated by a pseudorandom noise (PRN) 
code and navigation messages. Each PRN code enables GPS users to measure a direct but 
approximate range (pseudorange) to each GPS satellite. The observations of GPS for estimat- 
ing position are pseudorange observation and carrier phase observation. The precision of the 
pseudorange is on the order of a few d~cimeters. Therefore, the DGPS (differential GPS) can 
provide 95% positioning accuracies on the order of a few meters. The precision of carrier phase 
observation is on the order of a few millimeters. Therefore, the potential accuracy of the CDGPS 
(carrier-phase differential GPS) is on the order of a few centimeters [3]. However, the carrier 
phase measurement has an integer cycle ambiguity which arises from the fact that each cycle of 
the carrier phase is indistinguishable from the others. Therefore, the integer ambiguities hould 
be resolved correctly to ensure the high accuracy of CDGPS. 
The observations of GPS are, 
p= (R -R~) .e+I+T-b+B+SR+z,  
¢= (R -R~) .e - I+T-b+B+SR+u+A.N (see the Nomenclature). 
(i) 
In general, the position errors of the GPS satellite and user are very small in comparison with 
the distance from GPS user to each GPS satellite., Hence, it seems to ignore the LOS error by 
intuition. However, even if the LOS error is very small, little is known about its real effect on 
ranging accuracy. This is because the absolute value of the GPS user position vector is not small 
enough to ignore. Therefore, it is necessary to examine the effect of the LOS error on ranging 
accuracy. Equation (1) shows that the LOS error has the same effect on both the pseudorange 
observation and the carrier phase observation. 
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reported satellite position 
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satellite position 
Where, 
I = (i + j + k) (i + j + k) : Dyadic, 
ee  : Dyadic. 
Inserting equations (5) and (6) into equation (4) gives, 
(a  - R~) .  (~e = e .  (I - ee) .  JR  - e -, ( I  - ee) -  5R~ 
= [e. 5R-  (e.  e) (e.  JR)] - [e. 5Ru - (e -e )  (e -6R~)]  
= (e.  JR -  e .  JR)  - (e .  5R~ - e .  5R~) 
~---0. 
Equation (7) shows that the range error due to LOS error is zero in the first- order sense. 
(7) 
Figure 1. The LOS error due to ephemeris and user position error. 
Figure 1 shows the LOS error due to position errors of the GPS satell ite and user. The 
computed istance from user to GPS satell ite can be described as follows: 
r = (D +3D) .  (e+ 3e) 
(2) 
= [(R - Ru) + (3R - 3P~)] - e + [(R - R~) + (6R - 3R~)].  3e (see the Nomenclature). 
In equation (2), the maximum magnitude of each component in (~e is a few micrometers if both the 
user posit ion error and the ephemeris are on the order of several tens of meters. The magnitude 
of each component in 5e is extremely small because the distance between user and GPS satell ite 
is on the order of several tens of million meters. Therefore, we can neglect the product of the 
3R - 5R~ and the resultant distance is as follows: 
r = [(R - R~) + (SR - 5R~)] • e + (a  - Ru) .  5e. (3) 
The range error caused by LOS error is as follows: 
5r = (a  - R~) -5e .  (4) 
The LOS error can be expanded using first-order Taylor series expansion as follows [4] 
0e 0e 
5e = ~-~.  6R + 0 - -~.  6R~. (5) 
In equation (5), the first term is the LOS error due to ephemeris error, and the second term is 
due to user posit ion error. The partial  derivatives of the LOS error with respect o ephemeris 
error and user posit ion error are as follows [5]: 
0e 1 0e 1 
0R - NDI~ ( I -  ee) ,  01~ - I]DI--- [ (I - ee) .  (6) 
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3. THE EFFECT OF THE LOS ERROR 
ON PSEUDOLITE  RANGING ACCURACY 
Pseudolite is a kind of signal generator which transmits GPS-like signal; pseudolites use the 
same carrier frequency, PRN code generating method, and navigation message protocol as those 
of GPS satellites [6]. In general, pseudolites are located on well-surveyed fixed points, therefore, 
the error of the pseudolite position is much smaller than that of the GPS satellite position. 
The observations of pseudolite navigation system are, 
p= (R -R~) .e+T-b+B+SR+~,  
(s) 
¢ = (R - Ru) • e + T - b + B + 5R + ~ + A.  N (see the Nomenclature). 
In assumption that pseudolites are located below the stratosphere, the ionospheric error can be 
ignored. If the pseudolite navigation system is used in indoor environment, tropospheric error 
term in equation (8) is negligible, too. Even  though the error of pseudolite position is on the order 
of a few centimeters, the distance between user and pseudolite is much smaller than the distance 
between user and GPS satellite. This implies that the effect of the higher-order terms (HOT)  in 
the LOS error cannot be ignored. Therefore, we  cannot apply the first-order approximation to 
examine the effect of the LOS error analytically. 
. NUMERICAL  S IMULAT ION FOR EVALUATING 
THE EFFECT OF THE LOS ERROR ON GPS 
AND PSEUDOLITE  NAVIGAT ION SYSTEM 
4.1. GPS 
The previous derivation does not cover the effect of the HOT of the LOS error, which remain 
unknown. We carry out numerical simulation to evaluate the range error due to HOT of the LOS 
error. 
true satellite pos i~ 
~ reported satellite position 
v\ 
Figure 2. Construction f the n~merieal simulation (GPS). 
Figure 2 shows the construction of the numerical simulation for evaluating the GPS range error 
due to LOS error. We set the radius of the error circle of the GPS satellite position to I0 meters. 
We examined  the increase of range error as increasing of the radius of the user error circle. The  
angle between the vector of the computed  user position relative to true one, and  the horizon is 
Pseudolite Navigation System 783 
0.1 
0.09 
0.08 
0.07 
E 0.06 
= 
& 
~ 0.05 
E 0,04 
0.03 
0.02 
0.01 
0 
0 
Z 
200 400 600 800 1000 1200 1400 1 0 1 O0 2000 
User  Pos i t ion  Error(m) 
Figure 3. Growth of maximum range rror up to 1 decimeter. 
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Figure 4. Growth of maximum range rror up to 1 millimeter. 
defined as 0~, the angle between the vector of the reported satellite position relative to true one, 
and the horizon as 0~. For each value of the radius of the user error circle, we compute the range 
errors for all combinations of 0~ and 0~. Finally, we find the maximum range error for each value 
of the radius of the user error circle. 
Figure 3 shows the maximum range error for each value of the radius of the user error circle. 
We increased the user position error until the maximum range error reaches 0.1 meter. When 
the range error due to LOS error is below the random errors of GPS measurements, he effect of 
the LOS error can be ignored. This threshold was chosen considering pseudorange noise whose 
standard eviation is on the order of several decimeters. Figure 3 shows that even though the 
radius of the user error circle rises up to 2 kilometers, the maximum range error is about 0.1 
meter. Figure 4 shows that if the radius of the user error circle is less than 180 meters, the 
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maximum range error due to LOS error is below 1 millimeter. This means  that even though we 
use the LOS computed  from a standalone GPS solution whose  error is on the order of several tens 
of meters, we  can obtain CPS ,  DCPS,  and CDGPS solutions without additional error caused by 
LOS error. Regardless of the magni tude of user position error, the range error reaches max imum 
when the (0H, tgs) = (180, 0), (0, 180). 
4.2. Pseudol i te Navigat ion System 
Figure 5 shows the construction of the numerical simulation for evaluating the pseudolite 
ranging error due to LOS error. We set the radius of the error circle of the pseudolite position to 
I0 centimeters in assumption that the pseudolite is located on well-surveyed point. We examined  
the growth of range error as increasing of the distance between user and pseudolite. First, we  
fixed the radius of the user error circle to 3 meters and increased the distance until the max imum 
range error reaches 0.I meter; the purpose of this simulation is to find the min imum distance 
between user and pseudolite which satisfies the condition that the positioning accuracy is not 
affected by LOS error when the required accuracy of pseudolite navigation system is equivalent to 
that of DGPS.  Second, we  fixed the radius of the user error circle to 0.i meter  and  increased the 
distance until the max imum range error reaches 1 millimeter; the purpose of this simulation is to 
find the min imum distance which satisfies the condition that the precise position is not affected 
by LOS error when the required accuracy of pseudolite navigation system is equivalent to that of 
CDGPS.  For each value of the distance, we  compute  the range errors for all combinations of 0~ 
and 0s, then find the max imum range error. Table 1 summar izes  two scenarios for evaluating the 
min imum distances. 
true pseudolite posi 'o~ 
~ionaputed pseudolite position 
\ 
\ 
~n 
Figure 5. Construction ofthe numerical simulation (pseudolite navigation system). 
Table 1. Summary of the numerical simulation for pseudolite navigation system. 
PseudolitePositionError[ UserPositionError I RangeErrorThreshold 
C~el 0.1m 3m 0.1m 
C~e2 0.1m ,0.1m 0.001m 
Figures 6 and 7 show the decrease of the max imum range error as increasing of the distance 
between pseudolite and user. When the user positioning error is 3 meters, the max imum range 
error is above 0.I meter  until the distance rises up to 48 meters. And  when the user positioning 
error is 0.i meter, the max imum range error is above 0.001 m until the distance reaches 20 meters. 
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Figure 6. Maximum range error vs. distance (Case 1). 
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Figure 7. Maximum range error vs. distance (Case 2). 
From these results, we can conclude that the minimum distance should be at least 50 meters so 
that  the LOS error may have negligible ffect on the accuracy of pseudolite navigation system. 
4.3. Indoor Navigation System 
Figure 8 shows the construction of the numerical simulation for evaluating the ranging error of 
the indoor navigation system due to LOS error. We used the same scale and pseudolite constella- 
tion of the indoor navigation system developed by the Seoul National University GPS Laboratory. 
The PRN 1 pseudolite is installed at the center of ceiling and the other four pseudolites at each 
corner of ceiling [7]. This kind of system enables an indoor navigator to solve the precise posit ion 
with centimeter-level positioning accuracy. We set the posit ion errors of the five pseudolites to 
0.1 meter and located the user on a fixed point. We examined the increase of range error as 
786 C. KEE et al. 
PRN 3 PRN 4 
PRN 1 
T 
/ ~ Computed User Position 
"//" T " × 
/~"  (0, -1.7S, O) 
7m 
PRN 5 
Figure 8. Construction of the numerical simulation (indoor navigation system). 
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Figure 9. Maximum range error vs. user position error. 
increasing of the radius of the user error sphere, from 0 to 0.1 meter. The angle between z-axis 
and the vector of the computed user posit ion is defined as 0, the angle between x-axis and the 
posit ion vector as ¢. For each value of the user posit ion error, we compute the range errors for 
all combinations of 8 and ¢. Then, we find the maximum range error for each value of the user 
posit ion error. 
Figure 9 shows the maximum range errors for all pseudolites. Since the distance between user 
and the PRN 1 pseudolite is the smallest, the ranging accuracy for PRN 1 is most sensitive to 
LOS error. In Figure 9, we can find that  the maximum radius of user posit ion error is 3 cm so 
that range  rrors for all pseudolites should be less than 1 mill imeter. F igure 10 shows the growth 
of maximum posit ion error due to LOS error as increasing of the radius of user error sphere. 
When the error of the user posit ion is 0.1 m, the positioning error due to ranging error is less 
than 4 mill imeters. Figures 9 and 10 demonstrate that the LOS error has negligible ffect on the 
posit ioning accuracy of the indoor navigation system whose posit ioning accuracy is on the order 
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Figure 10. Maximum positioning error vs. user position error. 
of a few centimeters. However,  the size of the indoor navigation system should be sufficiently 
large because the positioning accuracy is very sensitive to distance between user and pseudolite. 
5. CONCLUSIONS 
In this study, we examined the effect of the LOS error on the accuracy of GPS and pseudolite 
navigation system. Using an analytical approach, we expressed the GPS ranging error due to LOS 
error as the first-order Taylor series expansion with respect o GPS satellite and user position 
and found that there is no range error due to LOS error in the first-order sense. However, we 
cannot derive the relationship between LOS error and pseudolite ranging error because we are 
not able to neglect he effect of the higher-order terms. 
In order to analyze the effect of higher-order terms of the LOS error, we performed numerical 
simulations. The numerical simulation for GPS demonstrates that the LOS error has negligible 
effect on the accuracy of GPS. We also carried out numerical analysis to examine the sensitivity 
of range error to LOS error in pseudolite navigation system. The sensitivity of the LOS error 
in pseudolite system is much higher than that of the LOS error, which is due to short distance 
between user and pseudolite. However, the effect of the LOS error on the accuracy of pseudolite 
navigation system can be ignored if the distance between user and pseudolite is sufficiently large. 
In other words, for preventing the LOS error from affecting the accuracy of pseudolite navigation 
system, we should locate each pseudolite so that the minimum distance between a pseudolite and 
a user is over several tens of meters. 
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